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Abstract A measure of electron density inhomogeneity is

proposed based on the distance of function values to the

average value within a chosen region. The choice of the

examined regions follows the approach of restricted space

partitioning with fixed inhomogeneity as the restriction.

The integration of electron density over the regions of the

partitioning yields discrete distribution of charges, which is

analyzed. The resulting functionals depend on the partic-

ular definition of distance. Two possibilities are selected

for the distance definition, and the functionals are applied

to examine the shell structure of the atoms Li to Xe.

Keywords Shell structure � Electron density �
Inhomogeneity measure � Space partitioning � Atoms

1 Introduction

Despite all the manifold functionals revealing the shell

structure of atoms in real space [1–8], we are convinced

that it is still long way to the understanding of the shell

formation in coordinate space as well as the impact of the

‘physical reality’ of this object with respect to the bonding

analysis of molecules and crystals. Each of the functionals

shows another manifestation of the atomic shell structur-

ing. And each such manifestation is of course the true one,

but pointing to different (and sometimes similar) aspects of

the underlying physics.

As there is no unequivocal definition of an atomic shell

in real space, the notion of ‘missing’ shell depends, as

usually, on the point of view, which is often controlled by

the form of the Periodic table of elements, respectively, by

the idea of successively filled orbital shells in Hartree-Fock

wave function. For instance, the Laplacian of the electron

density shows 3 atomic shells for the Ge atom, whereas the

one-electron potential (OEP) is able to recover 4 shells

[6, 7]. Did density Laplacian fail? Looking at the Cu atom

both OEP and the electron localization function (ELF)

show 4 shells [1, 6]. However, whereas the former yields

3.2 electrons in the outermost shell, the latter gives

appealing 1.1 electrons for the valence shell. Did now OEP

fail? We tend to the opinion that this is not the case. The

decisive criterion should rather be whether the atomic

shells are relevant for the examined problem. Particularly,

it should be asked whether the correspondence with the

Periodic table is important.

The answer is by no means simple. For instance, Deb

and Ghosh proposed to represent the kinetic energy density

as a sum of the Weizsäcker term and the kinetic energy

density of the homogeneous electron gas weighted by a

position-dependent function [9]. This weighting function,

which shows atomic shell structure, was fitted by series of

Gauss functions. In their work, it was important to get

reasonable representation of the weighting function for the

conformity with the kinetic energy density. The ‘proper’

number of atomic shells was irrelevant for their task.

Interestingly, the weighting function of Deb and Ghosh is

identical with Savin’s formulation of ELF [10]. Savin

introduced the function for solely different reasons than

Deb and Ghosh and, in contrast with the two authors, for

ELF the shell structure plays a crucial role [1]. It could be

stated, within very simplistic point of view, that the number

of atomic shells is possibly not thus important when

examining the ‘physics’ of a functional, but it can be of

extreme importance, when striving for relations, or even
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coincidence, with ‘chemical’ models (i.e., to achieve

proper spatial core-valence separation for chemically

meaningful real space descriptors). Whether the ‘chemi-

cally’ appealing real space descriptors are of ‘physical’

relevance is still an exciting task waiting to be unveiled.

As the proper answer to the above dilemma cannot be

faithfully given yet, let us assume here that the conformity

between the Periodic table and the spatial shell structure of

atoms is an important aspect. Then for the ‘ideal’ func-

tional the position of the examined element in the Periodic

table should clearly determine both, the number of shell

descriptors (equating the row number) and the shell pop-

ulations (following the Aufbau Principle). Actually, there

are only very few functionals fulfilling (at least roughly)

such requirements, for instance, the electron localizability

indicator (ELI) [11–13].

The indicator is based on the approach of x-restricted

space partitioning (xRSP) [14]. Particularly, the ELI-D

follows from space partitioning restricted by fixed fraction

of an electron pair (another form of ELI is the ELI-q which

is based on xRSP using fixed electron population as the

restriction) [15]. In each so-called micro-cell enclosing the

fixed fraction of an electron pair the charge is determined.

After rescaling, the ELI-D is a quasi-continuous distribu-

tion of values proportional to the charge in the micro-cells

(charge needed to form the fixed pair fraction) [15]. ELI-D

can be written as q� ~VD with the electron density q and

the pair-volume function ~VD, which incorporates the local

electron pair interactions. Generally, the electron popula-

tion can be sampled over micro-cells of an xRSP following

any chosen restriction x. The values of the resulting quasi-

continuous distribution can always be given by q� ~Vx,

with the corresponding volume function ~Vx , which need

not be connected to electron pair interactions at all.

Choosing the volume function ~Vx as suitable electron

density functional such that the resulting distribution of

charges resembles ELI-D would mean, in certain sense, to

approximate the electron pair interaction by an electron

density expression. In the following, two measures of

electron density inhomogeneity are proposed to serve as

the conditions for the xRSP and the distributions resulting

from the charge sampling examined for the atoms Li–Xe.

2 Theory

The nature of quantum mechanics does not admit a direct

access to a local interpretation. One of possible concepts to

describe a property from a local viewpoint is the xRSP

approach [15]. This approach gives rise to a family of

distributions depending on the choice of the so-called

control property and the sampling property, respectively.

Within this concept, the control property is responsible for

the partitioning of the space. The space is subdivided into

compact non-overlapping mutually exclusive space filling

regions (micro-cells) each enclosing the same (fixed)

amount of the control property, thus, yielding a finite

number of such regions. After establishing such partition-

ing, a second quantity is sampled within the regions of the

partitioning. The idea behind this partitioning scheme is to

‘probe’ samples of same ‘quality’. This procedure results in

a discrete distribution of samples. The sum of this discrete

distribution of samples yields the total integral of the

sampled property in case that the latter refers to a single-

particle function uniquely defined over the whole space

(i.e., the definition or parameters are not specific to par-

ticular regions).

Similarly to ELI-D, for the functionals proposed in this

study, the electron density is chosen as the sampling

property, i.e., the sampled quantity is the electronic popu-

lation in each micro-cell of the space partitioning. Clearly,

the sum of all the discrete charges of the distribution

recovers the total number of electrons. In contrast with

ELI-D, now the space partitioning is controlled by a single-

electron property as well (electron pair density in case of

ELI-D). The chosen control property is connected with a

measure of electron density inhomogeneity. This inhomo-

geneity measure will be described in the following.

The distance dp(f, g) between the position r dependent

functions f ðrÞ and gðrÞ in the region li having the volume

Vi can be given by the integral:

dpðf ; gÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Z

li

jf ðrÞ � gðrÞjpdVp

v

u

u

t

ð1Þ

with the positive exponent p. This measure of distance is

defined in the space Lp(li) of functions integrable with p-th

power over li.

If g is the average of the function f in the region li, then

the resulting distance can be interpreted as an inhomoge-

neity measure Ip of the function f. For p = 2 the distance I2

is connected with the variance of the function f.

Let us determine the inhomogeneity Ip(i) of the electron

density q from its average �qi over the region li:

IpðiÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Z

li

jqðrÞ � �qijpdVp

v

u

u

t

; ð2Þ

where the average density in li is given by:

�qi ¼
1

Vi

Z

li

qðrÞdV: ð3Þ

Low inhomogeneity value means that in the examined

region the electron density is less varying around the average

value than in regions with higher inhomogeneity. Now one
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can ask for the electronic population in a region of fixed very

low inhomogeneity value. This yields discrete distribution

showing what charge is allowed in a region around the

examined position to achieve a given inhomogeneity. As

mentioned earlier, for the parameter p defining the metric, cf.

Eq. 1, any positive number can be taken. In the following, the

distances d1ðq; �qÞ and d2ðq; �qÞ will be used.

2.1 Inhomogeneity measure I1

The inhomogeneity I1(i) in L1(li) is given by the integral:

I1ðiÞ ¼
Z

li

jq� �qijdV: ð4Þ

For regions small enough (micro-cells) the integral can be

approximated using the Taylor expansion around the

position ai (for instance, the center of the micro-cells li):

I1ðiÞ � jqðaiÞ � �qij Vi þ
1

4
jrqðaiÞj V4=3

i : ð5Þ

Inserting for the average density �qi from Eq. 3 with

subsequent Taylor expansion finally yields:

I1ðiÞ �
1

4
jrqðaiÞj V

4=3
i : ð6Þ

For the inhomogeneity I1 fixed at the value x1 the

corresponding micro-cell volume over which the

integration is performed can be approximately determined:

Vi � x3=4
1

4

jrqðaiÞj

� �3=4

: ð7Þ

The electron population qi in sufficiently small micro-cell

centered around the position ai is approximately given by:

qi ¼
Z

li

qðrÞdV � qðaiÞ Vi: ð8Þ

Replacing for the micro-cell volume Vi from Eq. 7 leads to

an expression including the condition of fixed

inhomogeneity:

qi � x3=4
1 qðaiÞ

4

jrqðaiÞj

� �3=4

: ð9Þ

Of course, the resulting distribution qi depends on the

chosen value of the restriction x1. In order to extract the

relevant information, which is independent of the restriction

magnitude, the charge distribution is rescaled by x�3=4
1 .

We define the functional C1(i) in the L1(li) space of

the xRSP micro-cells controlled by fixed infinitesimally

small inhomogeneity value x1 as the quasi-continuous

distribution of rescaled charges (whereas fC1ðiÞx3=4
1 g is a

discrete set of charges):

C1ðiÞ ¼
qi

x3=4
1

� qðaiÞ
4

jrqðaiÞj

� �3=4

: ð10Þ

The limit after rescaling (continuous function):

~C1ðrÞ ¼ lim
x!0

C1 ¼ qðrÞ ~VI1
ðrÞ ð11Þ

includes the corresponding inhomogeneity I1 restricted

volume function ~VI1
given by:

~VI1
ðrÞ ¼ 4

jrqðrÞj

� �3=4

: ð12Þ

2.2 Inhomogeneity measure I2

The distance d2ðq; �qÞ in L2(li) leads to the inhomogeneity

measure for the micro-cell li given by the integral:

I2ðiÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Z

li

jq� �qij
2
dV

s

: ð13Þ

The integral can be approximated by the Taylor expansion

around the center ai of the micro-cell li:

I2
2ðiÞ �½qðaiÞ � �qi�2 Vi

þ 1

2
½qðaiÞ � �qi� jrqðaiÞj V4=3

i

þ 1

12
jrqðaiÞj2 V

5=3
i

þ 1

12
½qðaiÞ � �qi� r2qðaiÞ V

5=3
i :

ð14Þ

Inserting for the average density �qi from Eq. 3 with

subsequent Taylor expansion simplifies the above

expression to:

I2ðiÞ �
ffiffiffiffiffi

1

12

r

jrqðaiÞj V
5=6
i : ð15Þ

For the inhomogeneity I2 fixed at value x2 the

corresponding micro-cell volume can be approximated by:

Vi � x2
6=5

ffiffiffiffiffi

12
p

jrqðaiÞj

� �6=5

: ð16Þ

The electron population qi in a micro-cell li of the xRSP

controlled by the x2 restriction is approximately given by

(cf. Eqs. 8 and 16):

qi � x2
6=5 qðaiÞ

ffiffiffiffiffi

12
p

jrqðaiÞj

� �6=5

: ð17Þ

The functional C2(i) in the L2(li) space of the xRSP micro-

cells controlled by fixed infinitesimally small inhomogeneity

value x2 is the quasi-continuous distribution of rescaled

charges:

Theor Chem Acc (2011) 128:39–46 41

123



C2ðiÞ ¼
qi

x6=5
2

� qðaiÞ
ffiffiffiffiffi

12
p

jrqðaiÞj

� �6=5

ð18Þ

with the limit after rescaling:

~C2ðrÞ ¼ qðrÞ ~VI2
ðrÞ: ð19Þ

The inhomogeneity I2 restricted volume function ~VI2
is

given by:

~VI2
ðrÞ ¼

ffiffiffiffiffi

12
p

jrqðaiÞj

� �6=5

: ð20Þ

2.3 Limiting behavior

Both functionals C1 and C2 yield quasi-continuous distri-

butions proportional to the charge within the micro-cells of

the xRSP controlled by the fixed inhomogeneity given by

the corresponding measures. The limiting behavior of the

distributions can be analyzed using the expressions for the

limit after rescaling, cf. Eqs. 11 and 19.

The asymptotic behavior for both distributions is con-

trolled by the behavior of the electron density

limr!1
ffiffiffi

q
p ¼ rje�kr, where j ¼ ðZ � N þ 1Þ=ðk� 1Þ,

k ¼
ffiffiffiffiffiffiffiffiffiffiffi

�2IP
p

, Z is the nuclear charge, N the number of

electrons and IP the first ionization potential, respectively

[16]. As k is positive the distribution ~C1ðrÞ will tend to

zero for large r:

lim
r!1

qðrÞ
jrqðrÞj3=4

¼ lim
r!1

rj

ekr

� �1=2
2j
r
� 2k

�

�

�

�

�

�

�

�

�3=4

¼ 0; ð21Þ

whereas ~C2ðrÞ tends to infinity:

lim
r!1

qðrÞ
jrqðrÞj6=5

¼ lim
r!1

ekr

rj

� �2=5
2j
r
� 2k

�

�

�

�

�

�

�

�

�6=5

¼ þ1: ð22Þ

Using Kato’s cups condition limr!0 jrqj ¼ 2Zq0, the

behavior of the distributions approaching the nucleus can

be determined [17]:

lim
r!0

qðrÞ
jrqðrÞj3=4

¼ 1

ð2ZÞ3
q0

" #1=4

ð23Þ

lim
r!0

qðrÞ
jrqðrÞj6=5

¼ 1

ð2ZÞ6
1

q0

" #1=5

: ð24Þ

Both functionals tend to a fixed value depending on the

value of the density at the nucleus.

The distribution ~C1ðrÞ is proportional to the inverse of

the reduced density gradient sðrÞ [18, 19, 20] used in the

generalized gradient approximations within the density

functional theory. For few atoms, the shell structure as

resolved by sðrÞ was discussed in literature [21, 22].

Interestingly, the reduced density gradient is related to the

gradient expansion of the exchange-correlation energy,

whereas C1 is derived from a measure determining the

space partitioning.

3 Results and discussion

For the atoms Li to Xe, the wave functions of Clementi and

Roetti were used [23]. Calculations of the evaluated

properties have been performed with modified version of

the program DGrid [24]. DGrid was also used to determine

the minima of the functionals and to integrate the spheri-

cally averaged electron density.

It should be mentioned that ELI-D used hereinafter is

based either on the r-spin electron density sampled over

micro-cells enclosing fixed fraction of rr-spin electron

pair (� a
D and � b

D for the majority and minority spin,

respectively) or the total electron density sampled over

micro-cells enclosing fixed fraction of pair of triplet-cou-

pled electrons (in contrast to triplet ELI-D, where the

triplet-coupled electrons are sampled as well).

Due to the sampling of the electron density (total,

respectively spin-dependent) over the micro-cells of the

xRSP, the functional form of both C1 and C2 is the same as

the one for ELI-D and can be generally expressed as the

product q� ~Vx. The individual functionals are based on

different prescriptions for the space partitioning which is

reflected, within the limit after rescaling, by specific

x-restricted volume functions ~VxðrÞ.
Figure 1 compares the inhomogeneity-restricted volume

functions ~VI1
and ~VI2

with the pair-volume function ~VD

(triplet-coupled electrons) for the Xe atom. Within the

distance up to 0.5 bohr from the nucleus ~VI1
resembles the

pair-volume function better than the volume function ~VI2
.

The resemblance is meant in relative fashion as on loga-

rithmic scale the difference equals the ratio logarithm. The

relative viewpoint is more suitable because the volume

functions influence the corresponding functionals in mul-

tiplicative way. In the medium range from 0.5 bohr up to

1.5 bohr from the nucleus both volume functions ~VI1
and

~VI2
mimic the pair-volume function in similar manner.

Thus, in this range the charge sampling functionals C1 and

C2 can be expected to behave like ELI-D. For distances

from the nucleus larger than 2 bohr, the inhomogeneity-

restricted volume functions start to deviate from the pair-

volume function, with ~VI1
below and ~VI2

above the ~VD

values. With increasing distances from the nucleus the

increase in deviation is much less pronounced for ~VI1
than

for ~VI2
.

Figure 2 shows the distributions C1, C2 and ELI-D for

the Xe atom. All data were computed from total electron

density. C1 resembles qualitatively the ELI-D distribution

over the whole radius range, while for C2 certain
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resemblance is given only within a medium range of 0.5–

1.5 bohr. This is due to the insufficient resemblance of the

volume function ~VI2
to the pair-volume function. Instead,

~VI1
matches ~VD up to 2 bohr almost perfectly and thus,

within this radial range the resulting functionals are alike.

C1 and C2 have been calculated for the atoms Li to Xe.

For each distribution, the region from the nucleus to the

first minimum was assigned to the first shell. Correspond-

ingly, the regions between successive minima were

assigned to the higher shells. The radius of the last shell is

of course at infinity as the atom extends over the whole

space. It turns out that C2 does not show the expected

number of shells for the majority of atoms. Thus, C2 is not

able to represent the shell structure as expected from the

Periodic table due to the inadequate behavior of the volume
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Table 1 C1 shell radii and electron populations

Atom qK rK qL rL qM rM qN rN qO

3Li (2S) 1.9 1.3132 1.1 – – – – – –
4Be (1S) 1.9 0.8156 2.1 – – – – – –
5B (2P) 1.9 0.5824 3.1 – – – – – –
6C (3P) 1.8 0.4436 4.2 – – – – – –
7N (4S) 1.8 0.3532 5.2 – – – – – –
8O (3P) 1.7 0.2914 6.3 – – – – – –
9F (2P) 1.7 0.2458 7.3 – – – – – –
10Ne (1S) 1.7 0.2109 8.3 – – – – – –
11Na (2S) 1.6 0.1845 8.3 1.9130 1.1 – – – –
12Mg (1S) 1.6 0.1639 8.2 1.4142 2.2 – – – –
13Al (2P) 1.6 0.1473 8.1 1.1626 3.3 – – – –
14Si (3P) 1.6 0.1335 8.1 0.9844 4.4 – – – –
15P (4S) 1.5 0.1220 8.0 0.8521 5.5 – – – –
16S (3P) 1.5 0.1139 8.0 0.7510 6.5 – – – –
17Cl (2P) 1.5 0.1038 7.9 0.6701 7.6 – – – –
18Ar (1S) 1.5 0.0965 7.9 0.6045 8.6 – – – –
19K (2S) 1.5 0.0901 7.9 0.5502 8.6 2.8049 1.1 – –
20Ca (1S) 1.5 0.0846 7.8 0.5051 8.4 2.1715 2.3 – –
21Sc (2D) 1.4 0.0797 7.8 0.4671 9.2 2.0248 2.5 – –
22Ti (3F) 1.4 0.0754 7.8 0.4338 10.2 1.9507 2.6 – –
23V (44F) 1.4 0.0715 7.8 0.4046 11.2 1.8847 2.7 – –
24Cr (7S) 1.4 0.0680 7.7 0.3789 13.3 2.2216 1.6 – –
25Mn (6S) 1.4 0.0649 7.7 0.3557 13.2 1.7933 2.7 – –
26Fe (5D) 1.4 0.0620 7.7 0.3351 14.2 1.7444 2.7 – –
27Co (4F) 1.4 0.0592 7.7 0.3170 15.2 1.7069 2.7 – –
28Ni (3F) 1.4 0.0569 7.6 0.2996 16.3 1.6742 2.7 – –
29Cu (2S) 1.4 0.0547 7.6 0.2844 20.0 – – – –
30Zn (1S) 1.4 0.0527 7.6 0.2703 18.4 1.6247 2.6 – –
31Ga (2P) 1.4 0.0507 7.6 0.2575 18.3 1.3908 3.8 – –
32Ge (3P) 1.4 0.0489 7.5 0.2458 18.1 1.2246 5.0 – –
33As (4S) 1.4 0.0472 7.5 0.2351 18.0 1.1023 6.1 – –
34Se (3P) 1.4 0.0456 7.5 0.2250 18.0 1.0107 7.2 – –
35Br (2P) 1.4 0.0441 7.5 0.2161 17.8 0.9274 8.3 – –
36Kr (1S) 1.4 0.0427 7.5 0.2077 17.8 0.8604 9.4 – –
37Rb (2S) 1.3 0.0413 7.5 0.1999 17.7 0.8064 9.4 3.2178 1.1
38Sr (1S) 1.3 0.0401 7.4 0.1927 17.7 0.7580 9.2 2.5404 2.3
39Y (2D) 1.3 0.0389 7.4 0.1860 17.7 0.7195 9.8 2.3514 2.8
40Zr (5F) 1.3 0.0378 7.4 0.1797 17.7 0.6853 11.4 2.5358 2.1
41Nb (6D) 1.3 0.0367 7.4 0.1739 17.7 0.6525 14.6 – –
42Mo (7S) 1.3 0.0357 7.4 0.1684 17.7 0.6229 15.6 – –
43Tc (6S) 1.3 0.0348 7.4 0.1632 17.6 0.5940 14.1 2.3306 2. 5
44Ru (5F) 1.3 0.0339 7.4 0.1583 17.6 0.5694 17.7 – –
45Rh (4F) 1.3 0.0331 7.4 0.1538 17.6 0.5460 18.7 – –
46Pd (1S) 1.3 0.0323 7.4 0.1494 17.6 0.5247 19.7 – –
47Ag (2S) 1.3 0.0315 7.4 0.1453 17.6 0.5039 20.8 – –
48Cd (1S) 1.3 0.0307 7.4 0.1417 17.5 0.4855 21.8 – –
49In (2P) 1.3 0.0300 7.4 0.1377 17.5 0.4664 19.4 1.8940 3.5
50Sn (3P) 1.3 0.0294 7.4 0.1342 17.5 0.4497 19.0 1.6454 4.9
51Sb (4P) 1.3 0.0287 7.4 0.1309 17.4 0.4341 18.8 1.4794 6.2
52Te (3P) 1.3 0.0281 7.4 0.1277 17.4 0.4196 18.6 1.3581 7.4
53I (2P) 1.3 0.0275 7.3 0.1246 17.4 0.4060 18.4 1.2598 8.6
54Xe (1S) 1.3 0.0269 7.3 0.1217 17.3 0.3932 18.2 1.1763 9.8

qK, electronic charge in the K shell; rK, radius of the K shell (in bohr)
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function ~VI2
when compared to the pair-volume function

~VD, irrespectively whether the total or spin-dependent

electron density is sampled. In contrast, the C1 distribution

reflects the ‘correct’ atomic shell structure by proper

number of extrema owing to the suitable behavior of the

volume function ~VI1
when compared to the pair-volume

function.

In Table 1, the shell structure based on C1 using the total

density is shown. C1 reveals the expected number of shells

for all atoms, except Cu, Nb, Mo, Ru, Rh, Cd and Ag. The

Aufbau Principle demands 2, 8, 18 and 18 electrons for the

consecutively fully occupied shells. The inspection of

Table 1 shows that the deviations from the Aufbau Prin-

ciple do not exceed 0.7 electrons for the first three shells,

respectively 1.4 and 1.8 for the fourth and fifth shell. In

general, the occupation of the inner shells is underesti-

mated. This tendency becomes more pronounced for hea-

vier atoms. The electronic population of the valence shells

deviates from the ‘ideal’ occupation up to 0.3 for the first

period. This deviation increases from 0.6 to 1.4 for the

second and third period and reaches its maximum for Xe by

an excess of 1.8 electrons with respect to the ‘ideal’

occupation of the valence shell.

In case of separate spin channels, cf. Tables 2 and 3,

nearly all calculated atoms show the number of shells in

accordance with the Aufbau Principle. However, for the

atoms Cr, Nb, Mo, Ru, Rh, and Cd, respectively, the

expected outermost shell was missing for the majority spin

channel. Interestingly, for the Tc atom the 5th shell is

formed by C1 for the minority spin channel.

Comparing the spin-resolved results to the ones obtained

for C1 based on total density, cf. Table 1, some remarkable

differences appear. For the Cr atom, the 4th shell is visible

now (occupied by 1.6 electrons). On the contrary, for Cu

and Ag the expected outermost shells are no more marked

by separate C1 maximum. Such incongruities may occur

because the condition for C1 extremum is very sensitive to

the relationship between the electron density, its gradient

and Laplacian.

4 Conclusions

The concept of x-restricted space partitioning offers a

systematic approach for the design of new distributions.

This approach was already used for ELI-D, which is based

on the sampling of electron density in micro-cells enclos-

ing fixed fraction of same-spin electron pair. Two distri-

butions, based on sampling of the electron density, now in

micro-cells of fixed inhomogeneity, were analyzed. The

inhomogeneity measure, which defines the volume of the

micro-cells, is given by the distance of function values to

its average within the micro-cell and depends on the choice

Table 2 C1 shell radii and electron populations for the majority spin

component

Atom qK rK qL rL qM rM qN rN qO

3Li (2S) 1.0 1.1822 1.0 – – – – – –
4Be (1S) 0.9 0.8157 1.1 – – – – – –
5B (2P) 0.9 0.5532 2.1 – – – – – –
6C (3P) 0.9 0.4062 3.1 – – – – – –
7N (4S) 0.8 0.3146 4.2 – – – – – –
8O (3P) 0.8 0.2707 4.2 – – – – – –
9F (2P) 0.8 0.2372 4.2 – – – – – –
10Ne (1S) 0.8 0.2109 4.2 – – – – – –
11Na (2S) 0.8 0.1844 4.1 1.7269 1.1 – – – –
12Mg (1S) 0.8 0.1639 4.1 1.4142 1.1 – – – –
13Al (2P) 0.8 0.1471 4.0 1.1351 2.2 – – – –
14Si (3P) 0.8 0.1331 4.0 0.9435 3.2 – – – –
15P (4S) 0.8 0.1213 4.0 0.8063 4.3 – – – –
16S (3P) 0.8 0.1134 4.0 0.7247 4.3 – – – –
17Cl (2P) 0.7 0.1035 3.9 0.6587 4.3 – – – –
18Ar (1S) 0.7 0.0965 3.9 0.6045 4.3 – – – –
19K (2S) 0.7 0.0901 3.9 0.5497 4.2 2.5148 1.1 – –
20Ca (1S) 0.7 0.0846 3.9 0.5051 4.2 2.1715 1.1 – –
21Sc (2D) 0.7 0.0797 3.9 0.4632 5.0 2.0457 1.4 – –
22Ti (3F) 0.7 0.0754 3.9 0.4260 6.0 2.0436 1.4 – –
23V (4F) 0.7 0.0715 3.8 0.3937 7.1 2.0583 1.4 – –
24Cr (7S) 0.7 0.0680 3.8 0.3644 10.5 – – – –
25Mn (6S) 0.7 0.0648 3.8 0.3404 9.3 2.1277 1.2 – –
26Fe (5D) 0.7 0.0620 3.8 0.3236 9.3 2.0067 1.2 – –
27Co (4F) 0.7 0.0591 3.8 0.3088 9.2 1.8829 1.3 – –
28Ni (3F) 0.7 0.0569 3.8 0.2945 9.2 1.7905 1.3 – –
29Cu (2S) 0.7 0.0547 3.8 0.2843 9.1 1.7613 1.4 – –
30Zn (1S) 0.7 0.0527 3.8 0.2703 9.2 1.6247 1.3 – –
31Ga (2P) 0.7 0.0507 3.8 0.2574 9.0 1.3367 2.5 – –
32Ge (3P) 0.7 0.0489 3.8 0.2456 8.9 1.1578 3.6 – –
33As (4S) 0.7 0.0471 3.8 0.2346 8.8 1.0327 4.7 – –
34Se (3P) 0.7 0.0455 3.7 0.2247 8.9 0.9710 4.7 – –
35Br (22P) 0.7 0.0440 3.7 0.2159 8.9 0.9104 4.7 – –
36Kr (1S) 0.7 0.0427 3.7 0.2077 8.9 0.8604 4.7 – –
37Rb (2S) 0.7 0.0413 3.7 0.1999 8.9 0.8055 4.6 2.9087 1.1
38Sr (1S) 0.7 0.0401 3.7 0.1927 8.8 0.7580 4.6 2.5404 1.1
39Y (2D) 0.7 0.0389 3.7 0.1859 8.8 0.7171 5.2 2.3607 1.6
40Zr (5F) 0.7 0.0378 3.7 0.1795 8.8 0.6776 6.6 2.3881 2.2
41Nb (6D) 0.7 0.0367 3.7 0.1735 8.8 0.6421 9.8 – –
42Mo (7S) 0.7 0.0357 3.7 0.1679 8.8 0.6100 10.9 – –
43Tc (6S) 0.7 0.0348 3.7 0.1626 8.8 0.5806 10.9 – –
44Ru (5F) 0.7 0.0339 3.7 0.1580 8.8 0.5615 10.9 – –
45Rh (4F) 0.7 0.0331 3.7 0.1536 8.8 0.5406 10.9 – –
46Pd (1S) 0.7 0.0323 3.7 0.1494 8.8 0.5247 9.9 – –
47Ag (2S) 0.7 0.0315 3.7 0.1453 8.8 0.5035 9.7 2.4247 1.1
48Cd (1S) 0.7 0.0307 3.7 0.1417 8.7 0.4855 10.9 – –
49In (2P) 0.7 0.0300 3.7 0.1377 8.7 0.4663 9.5 1.7861 2.4
50Sn (3P) 0.7 0.0294 3.7 0.1342 8.7 0.4492 9.3 1.5334 3.7
51Sb (4P) 0.7 0.0287 3.7 0.1308 8.7 0.4333 9.1 1.3713 4.9
52Te (3P) 0.6 0.0281 3.7 0.1276 8.7 0.4190 9.1 1.2983 4.9
53I (2P) 0.6 0.0275 3.7 0.1246 8.7 0.4056 9.1 1.2344 4.9
54Xe (1S) 0.6 0.0269 3.7 0.1217 8.7 0.3932 9.1 1.1763 4.9

qK, electronic charge in the K shell; rK, radius of the K shell (in bohr)
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of appropriate exponential parameter. When the parameter

equals 1, the inhomogeneity measure is connected with the

absolute value of the deviation from the average over the

micro-cell. Then, the procedure yields the distribution C1,

which displays the ‘correct’ shell structure as expected

from the Periodic table for the majority of atoms. C1 can be

computed at any level of theory and applied to experi-

mental densities as well.

The functional form for both, the C1 distribution and

ELI-D, can be expressed as the product of the electron

density and a function proportional to the micro-cell vol-

ume. In case of ELI-D, the pair-volume function (based on

the pair density) reflects, in certain sense, the correlation of

electronic motion. The similarity between the pair-volume

function and the inhomogeneity-restricted volume function

(based exclusively on the electron density and its gradient)

opens the possibility to examine how accurate the corre-

lation of electronic motion can locally be described as a

function of electron density.
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